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Resul t s  a re  given f r o m  theore t ica l  and exper imenta l  s tudies of the effects  of hydrodynamic  
conditions on fo rmat ion  of bubble nuclei f rom supe r sa tu ra t ed  solutions of gases  in l iquids .  

There  are  many pape r s  [1-5] on the conditions for format ion  of a new phase;  it has  been es tabl i shed 
[2, 5, 6] that the ra te  of mixing or  turbulence tends to govern the nucleation ra te ,  with reduct ion in the 
size of the nuclei as the motion i n c r e a s e s ,  and consequently with inc rease  in the number  of nuclei.  Var ious  
explanations are  given for  the effect; some consider  that the nucleation ra te  is r a i s ed  by acce l e r a t ed  dif-  
fusion of the solute to the nuclei [7]. Another assumpt ion  is  that excess  energy  is supplied to the  sup e r -  
sa tu ra ted  solution to the extent n e c e s s a r y  to produce the sur face  of pa r t i c l e s  in the new phase [8]. These  
a rgumen t s  cannot lead to quanti tat ive r e su l t s  without d iscuss ion of a detai led model ,  although both these 
f ac to r s  undoubtedly play a pa r t  in the nucleation, of which the f i r s t  is a consequence of the second. Here  
we give an approx imate  theoret ica l  ana lys i s  and also r e su l t s  f rom expe r imen t s  on the fo rmat ion  of gas 
bubbles in throt t l ing of a liquid containing a dissolved gas; this is a pa r t i cu la r  case  of the general  p rob lem 
of nucleation that occu r s  in cavitat ion,  p r e s s u r e - h e a d  flotation, and throt t l ing of superhea ted  liquids. 

Dean [9] has  supposed that nucleation occurs  at the cen te r s  of f ree  vor t i ces ,  which are  induced in 
turbulent  flows; an analogous assumpt ion  has been  made as  r e g a r d s  fo rmat ion  of bubbles by cavi ta t ion in a 
boundary l aye r  of liquid [10], but this hypothesis  did not rece ive  quantitat ive evaluation. 

One needs an approx imate  model in o rde r  to explain the effects  of hydrodynamic  conditions on the 
formula t ion  of viable nuclei; as  our bas i s  we use Dean ' s  hypothesis  that viable nuclei a re  fo rmed  at the 
cen te r s  of f ree  vor t i ces ,  which is combined with r e su l t s  f rom the theory of turbulence.  

We have as  follows for  the speed of a vor tex in a v iscous  liquid: 

UvR v = ur n, (1) 

where  n is a coefficient  l e s s  than 1; n ~ 1.0 for  liquids of low viscos i ty .  F r o m  (1) and the equation for  the 
oonservat ion of energy  in the fo rm 

�9 2 U 2 

P1 + 9 ~ = P + 9 ~ - ,  (2) 

TABLE 1. Size and Number  of Bubbles in Relat ion to Supersa tu -  
ra t ion at 8.5 m / s e e  

N2, ml/liter 

45 
75 
90 

135 

t tO/~oS:pers atur a- ~x pected mean[No. 
[bubble size, ~ :  

200 48 
400 69 
500 83 
800 86 

of bubbles 3or liter �9 10 -9 

found calc. from [21] 

0,40 0,36 
0,35 0,36 
0.25 0,36 
0,37 0,36 
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F i g .  1. S c h e m e  of  i n s t a l l a t i o n  fo r  s tudy ing  the 
a m o u n t  and s i z e s  of  b u b b l e s  g e n e r a t i n g  out  of 
o v e r s a t u r a t e d  l i q u i d s .  

i t  i s  r e a d i l y  shown tha t  u ~ co and p - - * - ~  fo r  r ~ 0. 

The  p r e s s u r e  cannot  p h y s i c a l l y  be  l e s s  than  z e r o ,  so 
fo r  s o m e  r = r 1 and u = u i we ge t  a s t ab l e  gas  c av i t y ,  
in  which  the p r e s s u r e  i s  l e s s  than the s t a t i c  p r e s s u r e  
of the l iqu id ;  if we have  then  a s  fo l lows  fo r  n u c l e a t i o n  

2r 
q > / r c r  = - - ,  (3) 

P1 

the bubb le  nucle i  w i l l  grow when  the v o r t e x  b r e a k s  up,  
wh i l e  if r 1 < r c r ,  the nuc le i  wi l l  d i s s o l v e  aga in  in the 
l iqu id .  Then  the n u m b e r  of  v i ab l e  nuc le i  i s  r e l a t e d  to 
R v and Uv; a p p r o x i m a t e  v a l u e s  fo r  t h e s e  m a y  be d e -  
t e r m i n e d  f r o m  the t h e o r y  of t u r b u l e n c e .  

The  e n e r g y  d i s s i p a t i o n  e p e r  uni t  m a s s  i s  l a r g e s t  
fo r  a s c a l e  h g  g iven  by  [11] 

(-~-~/ 0 ' S u  p" 
~g = (4) 

I t  i s  e a s i l y  shown tha t  t h i s  s c a l e  m a y  be  t a k e n  a s  2i~ in (1), s i nce  fo r  r > •g the t u r b u l e n t  p u l s a t i o n s  
p r o d u c e  r a p i d  m o m e n t u m  e x c h a n g e ,  and the p u l s a t i o n  v e l o c i t y  of e d d i e s  of s c a l e  r > Xg i s  u n a l t e r e d ,  i . e . ,  
t h e  n of (1) = z e r o .  On the o t h e r  hand,  t h e r e  i s  r a p i d  v e l o c i t y  da mp ing  [11], and so 

~v = ~' ( 2~v ~'. (5) 
[ z g ]  

The flow i s  l a m i n a r  fo r  2Rv < hg, so  f r o m  (4) we have  tha t  m = 1.0. 

Then  we can  d e t e r m i n e  a p p r o x i m a t e l y  the n u m b e r  of b u b b l e s  v i a  the s c a l e  r ange  (2Rv-Xg)  o r  2R v 
/ kg ,  which  a r e  t h e  ones  a l lowing  f o r m a t i o n  of v i a b l e  nuc l e i .  Note tha t  kmi n < 2R v < kg. 

We get  f r o m  (2) s u b j e c t  to the  cond i t ion  tha t  P ~ 0 at  the c e n t e r  of a v o r t e x  tha t  

"2 (6) 

F r o m  (1) we have  tha t  u / u  v = ( R v / r ) n ,  whi l e  f r o m  (5) we  then have  

(. '), ( 
[ ( 5 ) " - i ]  (7) 

k x~ ] 

o r ,  a f t e r  t r a n s f o r m a t i o n  and s u b s t i t u t i o n  fo r  r f r o m  (3), we ge t  

l = p - ~ - ,  , , L  x, ] ~ - T U )  - 

As  (2Rv/hg)2 and ~ (u ' )2 /2p1)  << 1, i . e . ,  (2Rv/kg)  2n ( \gPa/4cr)  2n >> 1, wh i l e  we a s s u m e  fo r  s i m p l i c i t y  tha t  
n = 1.0 (in eddy f lows of a v i s c o u s  l iqu id  we  f ind n a s  0 .8 -1 .0 ) ,  wh ich  g i v e s  

(8) 

T A B L E  2. Size  and N u m b e r  of B u b b l e s  in  R e l a t i o n  to Su r face  T e n -  
s ion  of OP-1  0 Solut ion 

Surface tension at 
interface with air, 
�9 lOSj/m z 

72,5 
61,2 
51,3 
42,0 

Expected mean bubble 
dze. gm 

28 
25 
23 
22 

No. of bubbles ~r liter �9 10 "~ 

found 

6,5 
7,7 
9,8 

10,7 

calc. from (21) 

5,2 
6,4 
8,8 

10,2 
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Fig. 2. Curves of bubble distribution by s izes ,  N, 
number of bubbles of given diameter ;  No, total number 
of bubbles; d, d iameter  of bubbles, tim. 

Fig. 3. Number of bubbles N versus  rate of solution 
throttling: 1) calculation; 2) experiment.  

1 =  P(tff)2 / 2~V '/4( ~gp1 )2 
2Px l--~--g, / [ ~ ] "  

We express  the energy dissipation in (4) in the form 
O (u'p 

E J 
lc 

we put 

~ =  ( ~ / ~  

We substitute (10) into (9) and use Pl ~P(u2/2) to get 

' uA( 2Rv ' 1~ .__  

We put 

p2vlcua 
if2 

(9) 

Then 

(1 o) 

(11) 

(13) 

The range of scales  leading to formation of viable nuclei tends to zero for (~g-2Rv) ~ 0 or  2Rv/Xg ~ 1, 
so (13) shows that there is a cri t ical  velocity Ucr below which bubbles are not formed.  The condition for 
bubbles not to form is then put as 

( V2VlcU3 r )o,25 

One substitutes the A of (12) into (14) to get an approximate value for Ucr; in a highly turbulent jet 

u' = 0.15-- 0.20u. 

Then the value is Uer ~ 6.9 m/ sec ;  the observed resul t  is Ucr = 7.0 m/see .  Experimental  values enable 
one to refine the value of constant A and to use it in response to any variat ion in nozzle size and liquid 
proper t ies .  The analysis  shows that one must  take into account the width of the spect rum of vortex sizes 
that can produce viable nuclei as well as the scale of the vor t ices .  

(14) 
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Fig. 4. Curves of bubble dis- 
tribution by sizes at u = 8.5 
m / s e e  and nitrogen concen-  
trat ion in water .  

Then the number of viable nuclei produced in unit volume V may 
be defined as 

V N =-Z-~7. 
a v  

We determine ~av on the basis  that for  u > Ucr we have kg >>2R v and 

(15) 

Xav- )~g + 2Rv ~'s (16) 

while W is defined by 

W = b  
(;~g - -  Xmi.) 2 

(17) 

A s  ~min << kg, we got 

( 1 8 )  - 

As W is reduced, we assume that b = 0.3; we substitute into (15) f rom (10), (16), and (18) with allowance 
for  the fact that V = 10 -a m a to get 

0"3" I0-8" 28" (u')~'5 { I - -  2Rv '~ . .  '(19) 
N ! 

F r o m  (13) and (14) we find that 

2Rv = (~)o.zs. (20) 
~g 

Then (20) gives the number of viable nuclei as 

[ N = '  4 .  10-S(u') 1"5 I - -  (21) 
v~., l~ .5 

It is c lear  f rom (21) that the number of viable nuclei is proportional to the pulsation speed, inversely  
proportional to the viscosi ty  and nozzle size,  and dependent inexplicitly on the surface tension (via Ucr). 
The t e rm in brackets  cha rac te r i zes  the range of scales  of the pulsations that can produce viable nuclei, 
and this t e rm has been observed experimental ly [10]. It has been shown for cavitation on flow over  a s u r -  
face that bubbles are  not formed near the wall, where the scale of pulsations is small.  

Figure 1 shows the apparatus used to test  this relationship; the tests  were done with distilled water  
containing nitrogen. The water  was poured into vessel  1 under p ressure ,  and the vessel  was fitted with a 
fi l ter  sp rayer  for nitrogen 2, a p re s su re  gage 3, and a safety valve 4. The solution f rom the vessel  was 
passed at a set p ressure  through the nozzle 5 and entered cell 6 at a tmospher ic  p res su re ,  the front and 
r ea r  walls of this cell having glass  windows and the cell in front of the microscope  7, which had the photo- 
graphic fitting 8. The result ing very small bubbles were  recorded photographically and were measured  
as to diameter  on the film. As the s izes were small (< 100/~m), the bubbles were taken as spherical .  The 
resul ts  were  used in h i s tograms  for the size distribution, and then the number of bubbles per l i ter  of water  
was calculated. In the f i r s t  se r ies  of runs, the water  was saturated with nitrogen at p r e s s u r e s  of 2, 3, 4, 
5, and 8 atm, and at these p r e s su re s  it passed to the cell; the diameter  of the nozzle do was 1.0 mm, and 
the corresponding flow speeds were 8.5, 10.4, 12.0, 13.4, and 17.0 m/ see .  F i r s t  we determined Ucr , which 
was found as 7.0 m/see.  Figure 2 shows the size distr ibutions,  while Fig. 3 shows the calculated number 
of bubbles as a function of u. This figure also shows the curve calculated f rom (21) on the basis  that 
l o = 1/3d c ~ 0.3.10 .3 m. 

The subsequent experiments  were done with a constant speed of 8.5 m / s e e  and various nitrogen con- 
centrat ions corresponding to saturation at 4, 5, and 8 aim: Fig. 4 shows the distribution curves,  while 
Table 1 gives N as a function of gas concentration. The la t ter  shows that N var ies  very little with the 
nitrogen concentrat ion in the water ,  which confi rms the hydrodynamic theory of bubble formation.  
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Table 2 gives resu l t s  for  the number of bubbles for  various values of the surface tension; the tes ts  
were  done with disti l led wate r  sa turated at 5 aim with nitrogen, the nozzle speed being 13.4 m / s e c .  The 
surface  tension was adjusted by adding OP-10 surfaetant .  

The calculated number of bubbles was de termined as follows. F ro m  (12) we calculated A, and then 
we determined Ucr f rom (14), and then f rom (21) we calculated N: as the equations are  approximate,  we 
consider  the agreement  between the values of Table 2 f rom exper iment  and calculation to be in sa t i s fac tory  
agreement .  

N O T A T I O N  

U 

U r 

U v 

tl v 
r 

r l  

r e r  
P~ 
P 

0 
O" 

V 

I c 

)~av 
W 
b 

Xmin 

liquid velocity;  
root  mean square value of the component of turbulent velocity fluctuations; 
velocity at the boundary of vor tex of radius Rv; 
vor tex radius;  
radius of vortex,  with velocity u at the boundary; 
radius of bubble; 
radius  of "cr i t ica l"  bubble; 
stat ic liquid p re s su re ;  
stat ic p r e s su re  at distance of r ad ius -vec to r  r;  
density of liquid; 
surface  tension of liquid at l i qu id -gas  boundary; 
liquid volume; 
nozzle size;  
dynamic viscos i ty  of liquid; 
kinematic  viscosi ty  of liquid; 
mean size of vor t i ces  forming bubbles; 
spect ra l  probabil i ty of presence  of given scale vor t ices ;  
coefficient  equal to 0.25-0.30; 
internal  turbulent scale .  
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